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Abstract. Fermi normal coordinates provide a standardized way to describe
the effects of gravitation from the point of view of an inertial observer. These
coordinates have always been introduced via perturbation expansions and were
usually limited to distances much less than the characteristic length scale set by
the curvature of spacetime. For a plane gravitational wave this scale is given by
its wavelength which defines the domain of validity for these coordinates known as
the long-wavelength regime. The symmetry of this spacetime, however, allows us
to extend Fermi normal coordinates far beyond the long-wavelength regime. Here
we present an explicit construction for this long-range Fermi normal coordinate
system based on the unique solution of the boundary-value problem for spacelike
geodesics. The resulting formulae amount to summation of the infinite series for
Fermi normal coordinates previously obtained with perturbation expansions. We
also consider two closely related normal coordinate systems: optical coordinates
which are built from null geodesics and wave-synchronous coordinates which are
built from spacelike geodesics locked in phase with the propagating gravitational
wave. The wave-synchronous coordinates yield the exact solution of Peres and
Ehlers-Kundt which is globally defined. In this case, the limitation of the long-
wavelength regime is completely overcome, and the system of wave-synchronous
coordinates becomes valid for arbitrarily large distances. Comparison of the
different coordinate systems is done by considering the motion of an inertial test
mass in the field of a plane gravitational wave.
PACS numbers: 04.80.Nn, 07.05.Kf, 95.55.Ym
1. Introduction
In general relativity the choice of coordinates is rather arbitrary and no preference is
given to any particular coordinate system ahead of time. However, when the observer
wants to describe the effects of gravitation in his vicinity, he may find it convenient to
use a quasi-Cartesian coordinate system also known as the local-Lorentz frame. This
coordinate system is associated with a reference point in spacetime usually chosen at
its origin. A continuous set of quasi-Cartesian (QC) coordinates associated with a
reference curve gives rise to what is known as Fermi coordinates [1, 2], if a certain
condition is satisfied. Namely, to guarantee uniqueness, one must preclude arbitrary
rotations of the QC frame, allowing only the rotation which is caused by the bending
of the reference curve. The basis vectors (tetrad) which define the orientation of these
coordinates are carried along the curve by means of Fermi-Walker transport. From a
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mathematical point of view, the Fermi coordinates represent a unique, continuous set
of non-rotating QC coordinates, in which the metric is flat and all of its first derivatives
vanish on the reference curve, except perhaps the derivative along the curve [1, 2].
From a physical point of view, these are the coordinates that the observer would
naturally use to measure distances and times in his vicinity, whereas the reference
curve is his worldline in the four-dimensional spacetime [3]. If the observer is freely
falling, the reference curve becomes geodesic and the Fermi-Walker transport of the
basis vectors becomes parallel transport. In this case, all the first derivatives of the
metric vanish on the reference curve and the resulting coordinates are called Fermi
normal (FN) [4]. For an accelerating observer the definition of Fermi coordinates is
somewhat more complicated but is introduced along the same lines (e.g. [5]). Note
that although an observer on Earth is not inertial, one often ignores this fact to
simplify calculations. In particular, the effect of gravitational waves on a measuring
device (detector) in a laboratory environment on Earth is often described from the
point of view of such an inertial observer, neglecting the gravitational field of Earth.
One of the earliest descriptions of a gravitational wave interacting with a detector
as viewed by an inertial observer was introduced by Weber [6]. This picture was
widely used at the time when resonant bar detectors were operating around the Earth
in search of cosmic gravitational waves. It is a curious fact that this approach is
largely forgotten today. In modern times of laser-interferometric gravitational wave
detectors, the coordinates of choice are those in which a gravitational wave is described
by the transverse and traceless tensor and which are often referred to as the TT
coordinates or the TT gauge [7]. In these coordinates, one can calculate the response
of laser interferometers to gravitational waves with relative ease and with no limit
on the distances spanned by these coordinates (e.g. [8]). Similar calculations in FN
coordinates are usually more complicated and thus far have always been restricted
to distances much less than the wavelength of the gravitational wave, the condition
commonly known as the long-wavelength regime. This is mainly why FN coordinates
have been gradually displaced by TT coordinates over time.
Historically, the local coordinates associated with an observer have been
introduced within different mathematical frameworks and appeared under different
names before a standardized approach emerged. In the early days, the coordinate
construction would simply be an adaptation of the geodesic deviation equation (e.g.
[6, 7]) and, as a result, it was naturally limited to the long-wavelength regime.
Pertaining to the center of mass of a resonant bar, such a coordinate system was
frequently referred to as the rest frame of the detector. In laser interferometers, a
similar coordinate system would be associated with the interferometer beam splitter
and therefore would be called the rest frame of the beam splitter. Early analysis
of gravitational waves in these coordinates can be found in papers by Grishchuk
[9], Grishchuk and Polnaver [10], and Pegoraro et al [11]. In all these cases, the
calculations were carried out under the assumption that the distances spanned by
these coordinates are much less than the wavelength of the gravitational wave. A more
direct approach to the detector coordinates was taken by Fortini and Gualdi [12] who
chose the Fermi normal construction as their main tool, cutting short the equation
for geodesic deviation. This approach was later adopted by others and gradually
became the method of choice when the analysis of gravitational waves had to be
carried out from the point of view of an inertial observer [13, 14, 15, 16]. From then
on, there was no need to consider closely located geodesics, and yet the distance
limitation inherited from the equation for geodesic deviation continued to appear in
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all subsequent calculations with these coordinates.
More recent interest in the coordinate system of an inertial observer was motivated
by the desire to understand better the response of interferometric gravitational-wave
detectors. Two different efforts were made to extend the detector response beyond
the long-wavelength regime in the local-Lorentz frame [17, 18]. The first targeted
linear-frequency corrections to the long-wavelength approximation, whereas the second
attempted to obtain formulae to all orders of the perturbation expansion. It was soon
realized that the coordinate systems used in these calculations were different even
though both approaches were based on the local-Lorentz frame of an inertial observer.
The difference in the coordinate systems was the initial motivation for this paper.
Another motivation came from the fact that the coordinates utilized in [18] did not
have the usual higher-order corrections. By chance, the metric in these coordinates
turned out to be equivalent to the exact solution of Peres [19] and Ehlers-Kundt [20],
which is globally defined. Different questions naturally appear at this point. What is
the relationship between these new coordinates and the Fermi normal frame? And,
why is there even an ambiguity in the definition of a normal-coordinate system?
To answer these questions we have to consider the Fermi normal construction in
its full generality, i.e. without making approximations with respect to the distances
spanned by these coordinates. In this paper, we will show that for a special geometry of
spacetime in which a plane gravitational wave is propagating in a flat background, the
construction can be carried out to all orders of a perturbation expansion leading to
analytical formulae for Fermi normal coordinates which are valid outside the long-
wavelength regime. Effectively, this amounts to summation of the infinite series
in the perturbation expansion. We will also consider the closely related, optical
coordinates that are built upon null geodesics instead of spacelike geodesics of the
Fermi scheme. Optical coordinates represent another choice for a normal-coordinate
system available to the observer attempting to study the effects of a gravitational
wave in his vicinity. Analysis of the boundary-value problem for geodesics defining
the normal coordinates shows that there is one more solution. Namely, a special
coordinate system can be introduced in which spacelike geodesics extend outward
from the observer synchronously with the incoming gravitational wave, and which we
will call wave-synchronous coordinates. We will show that these coordinates yield the
exact solution of Peres and Ehlers-Kundt, which is why there were no higher-order
corrections to the metric associated with these coordinates. This also explains the
difference between the coordinate systems in [17] and [18]. The first of these papers
involved Fermi normal coordinates whereas the second happened to have the wave-
synchronuous system.
The presentation of this paper is organized as follows. Section 1 contains this
Introduction. In Section 2 we give a brief overview of Riemann and Fermi normal
coordinates. In Section 3 we describe two types of solutions for a geodesic in spacetime
with a plane gravitational wave. In Section 4 we introduce an ortho-normal tetrad
associated with an inertial observer. In Section 5 we give an explicit construction of
Fermi normal coordinates based on the solution of the boundary-value problem for
geodesics. In Section 6 we derive the infinite series representation from the exact
formulae. In Sections 7 and 8 we give explicit constructions for two other types
of normal coordinates: optical and wave-synchronous. In Section 9 we compare the
different coordinate systems using the example of an inertial test mass. The Conclusion
is given in Section 10. The Appendix contains explicit formulae for the Christoffel
coefficients and the Riemann tensor.
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2. Overview of Riemann and Fermi normal coordinates
We begin with a brief overview of Riemann and Fermi normal coordinates. Consider
an arbitrary spacetime with coordinates xµ, where µ = 0, 1, 2, 3, implying as usual
that the first of these coordinates is timelike and the rest are spacelike. Let the
associated metric be gµν . At any given point, P0 = {x
µ
0}, the metric tensor can be
diagonalized by an orthogonal transformation and the resulting diagonal elements can
then be scaled to ±1, rendering the metric in the Minkowski form:
g¯µν(x0) = ηµν , (1)
where ηµν = diag{−1, 1, 1, 1}. In the vicinity of this reference point, a coordinate
system x¯µ can be introduced in such a way that the metric remains as close to the
Minkowski form as possible in curved spacetime. In particular, one can make sure
that there are no first-order corrections to the metric by enforcing the condition:
g¯µν,α(x0) = 0, (2)
where comma stands for differentiation with respect to the new coordinates. This
condition is usually achieved by making the coordinate lines for the new coordinate
system as close to straight lines as they can possibly be in curved spacetime, i.e. along
geodesics. Note that one cannot impose a similar condition on the second derivatives
of the metric unless the curvature of spacetime vanishes at this point. The resulting
coordinates x¯µ are known as Riemann normal coordinates. They are the closest thing
to a Cartesian frame that an observer can build in curved spacetime in the vicinity
of one point and one instance of time. In general, the metric contains nonzero second
derivatives and its expansion near the reference point takes the form:
g¯µν = ηµν −
1
3
Rˆµρνσ x¯
ρx¯σ + . . . , (3)
where the dots stand for higher-order terms. In what follows the hat above some
function will always mean that the value of this function is taken at the reference
point, e.g.,
Rˆµρνσ ≡ Rµρνσ(x0). (4)
The Riemann normal coordinates are tied to the reference point which serves as
the origin for this coordinate system. Take another point, and the whole construction
must be repeated yielding a coordinate system which may not be connected with the
first one in any obvious way. This observation prompted Fermi [1] to introduce a
different coordinate system – one which is built around a reference curve rather than
a point. In Fermi’s construction, one starts with an arbitrary timelike curve and
chooses the parameter along the curve as the first new coordinate x¯0. The remaining
coordinates x¯i, for i = 1, 2, 3 are built via geodesics which are orthogonal to the
reference curve and to each other. This approach guarantees that the derivatives of
the metric with respect to these remaining coordinates vanish when evaluated on the
reference curve. The derivative with respect to the first coordinate may not be zero. If
the reference curve itself is geodesic, then all the first derivatives of the metric vanish
and the resulting coordinates are called Fermi normal. They are the closest thing to a
Cartesian frame that an inertial observer can build in curved spacetime in the vicinity
of his worldline. The expansion of the metric near the reference curve takes the form:
g¯00 = − 1− Rˆ0k0l x¯
kx¯l + . . . , (5)
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g¯0j = −
2
3
Rˆ0kjl x¯
kx¯l + . . . , (6)
g¯ij = δij −
1
3
Rˆikjl x¯
kx¯l + . . . , (7)
which no longer has the symmetry between the timelike and spacelike coordinates
present in the Riemann form (3). Equations (5)–(7) represent the metric in Fermi
normal coordinates to second order in the perturbation expansion with respect to
distance parameters. They were first derived‡ by Manasse and Misner [4]. Significant
effort is needed to go beyond the second-order approximation and generally such
calculations can be very complicated. The third- and fourth-order approximations for
Fermi normal coordinates in arbitrary spacetime were derived by Li and Ni [21, 22].
The next important result was obtained by Fortini and Gualdi [12] who succeeded
in deriving the series expansion to all orders in the distance parameters for spacetime
in which a plane gravitational wave is propagating in a flat background. The formulae
of Fortini and Gualdi were later generalized by Marzlin [23] for an arbitrary weak-field
geometry of spacetime and accelerating observers. Marzlin’s formulae for the metric
in the case of a non-accelerating observer are
g¯00 = − 1− 2
∞∑
n=0
n+ 3
(n+ 3)!
Rˆ0k0l,m1...mn x¯
kx¯lx¯m1 . . . x¯mn , (8)
g¯0j = − 2
∞∑
n=0
n+ 2
(n+ 3)!
Rˆ0kjl,m1...mn x¯
kx¯lx¯m1 . . . x¯mn , (9)
g¯ij = δij − 2
∞∑
n=0
n+ 1
(n+ 3)!
Rˆikjl,m1 ...mn x¯
kx¯lx¯m1 . . . x¯mn , (10)
where comma preceding indices m1 . . .mn denotes differentiation with respect to these
coordinates, e.g.,
Rˆµkνl,m1...mn ≡
∂nRµkνl
∂xm1 . . . ∂xmn
∣∣∣∣
x=x0
. (11)
The infinite series, (8)–(10), include the second-order metric of Manasse and Misner,
and the third- and fourth-order metrics of Li and Ni as special cases.
3. Spacetime with a plane gravitational wave
3.1. Metric tensor and fundamental form
Within the linearized approach, a gravitational wave propagating in empty space is
described by a small perturbation hµν to the otherwise flat metric:
gµν = ηµν + hµν . (12)
The corresponding fundamental form is defined as
F = gµν dx
µ dxν , (13)
in some coordinate system xµ. Assume that in the absence of the gravitational wave,
i.e. when hµν = 0, three of these coordinates become the usual Cartesian coordinates,
x1 ≡ x, x2 ≡ y, x3 ≡ z. (14)
‡ The definition for the Riemann tensor adopted in [4] differs from ours by an overall sign.
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and the remaining coordinate becomes time
x0 ≡ τ = ct, (15)
where c is the speed of light in flat spacetime. We will use this naming convention even
for curved spacetime, i.e. when hµν 6= 0, keeping in mind that the meaning of these
coordinates is fundamentally different from that of the Newtonian world and that the
small correction to the metric (12) changes their interpretation (see Section 9).
A number of components of the symmetric tensor hµν can be set to zero by
choosing the transverse and traceless gauge [7]. The remaining components,
hxx = −hyy ≡ h+(τ + z), (16)
hxy = hyx ≡ h×(τ + z), (17)
represent two independent degrees of freedom of the gravitational wave, commonly
known as the + and × polarizations. The gauge fixes the orientation of the coordinate
system in such a way that the gravitational wave is propagating in the negative-z
direction and its transverse polarizations belong to the xy plane. In these coordinates,
the fundamental form is given by
F = − dτ2 + dx2 + dy2 + dz2 +
h+(τ + z) (dx
2 − dy2) + 2h×(τ + z) dxdy. (18)
One can also introduce a natural measure, σ, such that
F = ǫ dσ2. (19)
To ensure that dσ is real we choose ǫ = 1 or −1 depending on whether the fundamental
form is positive or negative definite.
We also introduce two auxiliary coordinates,
u = τ + z and v = τ − z, (20)
which sometimes will be more convenient than τ and z. For example, the propagation
of the plane front of the gravitational wave is described by u = const. In terms of u
and v, the fundamental form (18) is given by
F = −du dv + dx2 + dy2 + h+(u)(dx
2 − dy2) + 2h×(u) dxdy. (21)
We do not assume any particular form for the functions
ha = ha(u), where a = +,×. (22)
They can be completely arbitrary as long as they represent some physically possible
waveforms.
Within the linearized theory of gravitation we only need to keep track of terms
which are first order in ha. Second and higher order terms are neglected. Hence, we
will be freely replacing any expression containing ha with its linear (first-order in ha)
approximation throughout this paper.
3.2. Geodesic equation
The construction of normal coordinates relies on the explicit solution of the geodesic
equation. Here we describe the solution for geodesics following closely the derivation
in [24]. Let xµ(σ) be a continuous curve in this spacetime and pµ(σ) be a tangent
vector for this curve:
pµ =
dxµ
dσ
and pµ = gµν p
ν . (23)
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Explicit formulae for the covariant components of the tangent vector are
pv = −
1
2
du
dσ
, (24)
px = [1 + h+(u)]
dx
dσ
+ h×(u)
dy
dσ
, (25)
py = [1− h+(u)]
dy
dσ
+ h×(u)
dx
dσ
, (26)
pu = −
1
2
dv
dσ
. (27)
Assume that σ is the natural measure along the curve. Then by virtue of (19) the
tangent vector becomes normalized,
pµp
µ = ǫ, (28)
where now the indicator ǫ takes values −1, 1, or 0, depending on whether the tangent
vector is timelike, spacelike, or null. The normalization condition, written in terms of
the covariant components, is given by
− 4pupv + p
2
x[1− h+(u)] + p
2
y[1 + h+(u)]− 2pxpy h×(u) = ǫ. (29)
Next, assume that the curve xµ(σ) is a geodesic. Then the tangent vector satisfies the
equation
dpα
dσ
=
1
2
hµν,α p
µpν . (30)
Or, equivalently,
dpu
dσ
=
1
2
(
p2x − p
2
y
)
h′+(u) + pxpyh
′
×
(u), (31)
and
dpv
dσ
= 0,
dpx
dσ
= 0,
dpy
dσ
= 0. (32)
Therefore, three components of the tangent vector are constant along the geodesic:
pv = pv0, (33)
px = px0, (34)
py = py0. (35)
The fourth component, pu, can be found from the normalization condition (29):
pu =
1
4pv0
[
−ǫ+ p2x0 + p
2
y0 − (p
2
x0 − p
2
y0)h+(u)− 2px0py0 h×(u)
]
, (36)
where for the moment we assumed that pv0 6= 0. It turns out that this is not always
the case. The solutions for the geodesic equation which correspond to pv0 6= 0 will
be called main or non-singular and the solutions which correspond pv0 = 0 will be
called singular . Note that the main or non-singular solution allows all three types
of geodesics: timelike, spacelike, and null, whereas the singular solution allows only
spacelike geodesics. The calculations proceed differently for the singular and non-
singular cases.
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3.3. The non-singular solution of the geodesic equation
The main or non-singular solution of the geodesic equation takes place if
pv0 6= 0. (37)
In this case, integration of equation (24) yields the solution for u:
u(σ) = u0 − 2pv0σ, (38)
where u0 is the initial value for this coordinate. This solution alone completely defines
the gravitational wave amplitudes on the geodesic:
ha = ha[u(σ)]. (39)
Next, inverting (25) and (26) to first order in h, we obtain
dx
dσ
= px0 {1− h+[u(σ)]} − py0 h×[u(σ)], (40)
dy
dσ
= py0 {1 + h+[u(σ)]} − px0 h×[u(σ)]. (41)
Integration of these equations yields the solution for x and y:
x(σ) = x0 + px0σ [1− f+(σ)] − py0σf×(σ), (42)
y(σ) = y0 + py0σ [1 + f+(σ)] − px0σf×(σ), (43)
where x0 and y0 are the initial values for these coordinates. In the last two equations
we introduced the average polarization amplitudes of the gravitational wave,
fa(σ) =
1
σ
∫ σ
0
ha[u(σ
′)] dσ′. (44)
Note that |fa| ≤ max |ha| and therefore, fa is at most the same order of magnitude
as ha.
Consider now equation (36). Since ha are now fully defined along the geodesic
(39), this equation yields pu as a function of σ:
pu(σ) =
1
4pv0
{
−ǫ+ p2x0 + p
2
y0−
(p2x0 − p
2
y0)h+[u(σ)]− 2px0py0 h×[u(σ)]
}
. (45)
Then the solution for v can be obtained from (27):
v(σ) = v0 − 2
∫ σ
0
pu(σ
′) dσ′, (46)
where v0 is the initial value for this coordinate. We will also need the solution for z
and τ :
z(σ) = z0 − pv0σ +
∫ σ
0
pu(σ
′) dσ′, (47)
τ(σ) = τ0 − pv0σ −
∫ σ
0
pu(σ
′) dσ′. (48)
where z0 and τ0 are the initial values for these coordinates (u0 = τ0 + z0 and
v0 = τ0−z0). This concludes the solution for the geodesic equation in the non-singular
case.
The average amplitudes fa will play an important role in all the following
calculations. Changing variables in (44), we obtain an alternative definition for fa:
fa(u0, u) =
1
u− u0
∫ u
u0
ha(u
′) du′, (49)
which will sometimes be more convenient than (44).
Fermi-normal, optical, and wave-synchronous coordinates 9
3.4. The singular solution of the geodesic equation
The singular solution of the geodesic equation takes place if
pv0 = 0. (50)
This condition together with (24) implies that u is constant along the geodesic:
u(σ) = u0. (51)
Since u is constant, the amplitudes of the gravitational wave are also constant along
the geodesic:
ha(u) = ha(u0), (52)
and therefore,
fa(σ) = ha(u0). (53)
Then the solution for x and y can be obtained by integrating (40) and (41):
x(σ) = x0 + px0 σ [1− h+(u0)]− py0 σ h×(u0), (54)
y(σ) = y0 + py0 σ [1 + h+(u0)]− px0 σ h×(u0). (55)
Note that we can no longer use the normalization condition (29) to find pu. Instead,
we shall find pu by solving (31). Not only ha(u) are constant along the geodesic but
also h′a(u) are constant. Consequently, the entire right-hand side of (31) is constant
along the geodesic. Denote this constant by 2A:
2A ≡
1
2
(
p2x0 − p
2
y0
)
h′+(u0) + px0py0 h
′
×
(u0). (56)
Then equation (31) becomes
dpu
dσ
= 2A. (57)
Its integration yields
pu(σ) = 2Aσ +B, (58)
where B is an arbitrary constant. Finally, integrating (27), we obtain
v(σ) = v0 − 2Aσ
2 − 2Bσ, (59)
where v0 is the initial value for this coordinate. We will also need the solution for z
and τ :
z(σ) = z0 +Aσ
2 +Bσ, (60)
τ(σ) = τ0 −Aσ
2 −Bσ, (61)
where z0 and τ0 are the initial values for these coordinates (u0 = τ0 + z0 and
v0 = τ0 − z0). This concludes the solution for the geodesic equation in the singular
case.
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4. Inertial observer and the orthonormal tetrad
4.1. The observer’s worldline
One consequence of the solution for the geodesic equation is of particular interest.
This is the notion that an inertial mass which is initially at rest in the field of a plane
gravitational wave remains at rest indefinitely [7, 9]. Also, an inertial mass which
is moving along the direction of the gravitational wave propagation (±z) remains
unaffected by the gravitational wave. This can be easily seen from the main solution
for geodesics given by (42), (43), (47), and (48), in which we set ǫ = −1 and replace
σ with s. Note that in this case, the geodesic is timelike and the affine parameter s
stands for the proper time. Assume that at the beginning of the geodesic dx/ds = 0
and dy/ds = 0, which means that px0 = py0 = 0. Therefore, equations (42) and (43),
become
x(s) = x0 and y(s) = y0. (62)
Next, equations (47) and (48) can be written as
z(s) = z0 + p
z s, (63)
τ(s) = τ0 + p
τ s, (64)
where the constant pz is defined by dz/ds at the initial point on the geodesic, and
pτ =
√
1 + (pz)2. Thus, the mass which was initially moving along the z direction
continues its motion seemingly un-affected by the gravitational wave.
Since the metric in (18) is invariant under Lorentz transformations in the zτ
plane, we can always transfer to the co-moving coordinate system to achieve pz = 0.
Then, in addition to (62), we will have
z(s) = z0. (65)
In these coordinates pτ = 1. Consequently,
τ(s) = s, (66)
where we set to zero the arbitrary constant of integration τ0 introduced in equation
(64). Therefore, the proper time of the mass, s, coincides with the coordinate time,
τ , for an arbitrary gravitational wave ha(u).
All these arguments can also be applied to an observer who is moving freely in
the field of a gravitational wave, i.e. an inertial observer. Namely, the formulae in this
Section can be used to describe the observer’s worldline, which is a timelike geodesic
with affine parameter s measuring the observer’s proper time. It follows then that
an observer who is initially at rest in the field of a gravitational wave remains at rest
indefinitely. In this regard, he appears to be un-affected by the gravitational wave. The
observer’s clock, which was initially synchronized with the coordinate time, continues
reading the coordinate time even in the presence of the gravitational wave. Also, the
clock appears to be un-affected by the gravitational wave. These notions turn out to
be artifacts of the present coordinate system (TT gauge). In normal coordinates, an
inertial mass will be moving in response to gravitational waves (see Section 9) and the
clock will not stay synchronized with the coordinate time.
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4.2. Orthonormal tetrad
To define a quasi-Cartesian coordinate system in his vicinity, an observer first needs to
introduce four basis vectors, a tetrad, which we denote here as λα¯, where α¯ = 0, 1, 2, 3.
The components of the basis vectors are (λα¯)µ ≡ λ
α¯
µ. Here the index with overline
denotes the vector’s order number whereas the index without overline denotes the
vector’s component, which in this case is covariant. The contravariant components
are defined according to the usual rule:
λα¯µ = gµν λα¯ν . (67)
By definition, the basis vectors are ortho-normal:
λα¯µ λ
β¯µ = ηα¯β¯ . (68)
Since the observer needs to carry the tetrad with him to the future, the basis vectors
must be transported along the observer’s worldline, which is the reference curve. The
result is a one-parameter family: λα¯µ(s), where s is the measure along the reference
curve. For a tetrad to be non-rotating, it must be carried along the curve by means of
Fermi-Walker transport [4]. If the observer is freely falling, the Fermi-Walker transport
becomes parallel transport:
dλα¯ν
ds
= Γµβν p
βλα¯µ, (69)
where Γµβν are the Christoffel coefficients (Appendix A). Note that these equations
are satisfied independently by each vector λα¯.
As we have seen, an observer at rest remains at rest indefinitely. In this case,
pµ = {1, 0, 0, 0} and equation (69) becomes
dλα¯ν
ds
= Γµ0ν λ
α¯
µ. (70)
This equation has infinite number of solutions all of which correspond to tetrads
connected to each other by arbitrary rotations, and which, therefore, are all equivalent.
To remove this degeneracy, we assume that in the absence of the gravitational wave,
the tetrad is consonant with the coordinate system, i.e. λα¯µ = δ
α¯
µ if ha = 0. Then
the solution of (69) becomes unique and to first order in h is given by
λα¯µ(s) = δ
α¯
µ +
1
2
hα¯µ(s), (71)
or, equivalently,
λα¯µ(s) = ηα¯µ −
1
2
hα¯µ(s). (72)
Parallel transport of the basis vectors along the geodesic can now be achieved simply
by advancing parameter s in the right-hand side of (71) and (72).
Naturally, the use of this tetrad is limited to freely falling observers. To consider
an observer on Earth one has to include the observer’s acceleration due to the normal
forces which compensate the gravitational pull of the planet or the acceleration due
to rotations of the laboratory frame (e.g. [5, 22, 23]).
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5. Fermi normal coordinates
We now proceed to the construction of Fermi normal coordinates associated with the
worldline of an inertial observer. While the principal directions for the new coordinate
system are set by the tetrad, the values for these coordinates are defined by the
distances along the geodesics which originate from the location of the observer and
reach every point in the observer’s vicinity. Thus, we need to solve a boundary-value
problem: for every point in this spacetime we need to find a geodesic which connects
it with the observer at a certain point on his worldline. The choice of this point is not
unique and will lead to different constructions of the quasi-Cartesian frames. Only one
of them corresponds to Fermi normal frame. The geodesic which connects the observer
with the particular point in spacetime will be called the connecting geodesic so as
to distinguish it from the reference geodesic, which is the worldline of the observer.
(The affine parameter on the connecting geodesic will be denoted by σ, whereas the
parameter on the reference geodesic will remain s.)
5.1. Boundary-value problem for the connecting geodesics
Take an arbitrary point in spacetime P1 = {x
µ} and connect it with the worldline
of the observer via a spacelike geodesic, xµ = xµ(σ), where the affine parameter
σ takes values from interval [0, σ1]. Let the tangent vector along the geodesic be
pµ = dxµ/dσ. This connecting geodesic will intersect the observer’s worldline at a
some point P0 = {x
µ
0}. Following Fermi, we require that the connecting geodesic cut
the observer’s worldline orthogonally, i.e.
pτ |σ=0 = 0. (73)
Physically, this condition implies that the connecting geodesic is the closest thing to
the instantaneous line in this spacetime, as illustrated in figure 1. Mathematically,
equation (73) defines the location of point P0 on the observer’s worldline.
In what follows, it will be convenient to think of P0 as the starting point on the
connecting geodesic (σ = 0) and P1 as the end point (σ = σ1). Consider the main
(non-singular) solution for a geodesic from Section 3.3 and apply it to the connecting
geodesic P0P1. Note that we cannot take the singular solution because the constraint
(50) is incompatible with the condition for orthogonality (73).
To simplify the following calculations we make a few notational changes. Assume
that the observer is located at the spatial origin of the coordinate system:
x0 = y0 = z0 = 0. (74)
Since the coordinate time at point P0 coincides with the proper time of the observer
(66), we have
τ0 = s, and u0 = v0 = s. (75)
In this notation, the connecting geodesic starts at P0 = {s, 0, 0, 0} and ends at
P1 = {τ, x, y, z}. Alternatively, we can use the u, v coordinates instead of τ, z
and denote the end point as P1 = {u, x, y, v}. Then the starting point will be
P0 = {s, 0, 0, s}. Also we introduce compact notation for ha at P1 and P0:
ha ≡ ha|P1 = ha(u), (76)
hˆa ≡ ha|P0 = ha(s). (77)
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τ
0 z
observer’s
worldline
σ<0
P
= const
u =
 const
g.w
.
2
1
P0
P
τ
s
2s−τ
σ>0
connecting
geodesic
Figure 1. The observer’s worldline z = 0 and the connecting geodesic P0P1 in
the boundary-value problem for Fermi normal coordinates. Negative values of
parameter σ correspond to the extension of the connecting geodesic into the past.
The inverse of P1 = {τ, x, y, z} is P2 ≈ {2s− τ,−x,−y,−z}.
The solution for the geodesic equation (Section 3.3) connects the coordinates of
points P0 and P1:
u = s− 2pv0σ1, (78)
x = px0 σ1 (1 − f+)− py0 σ1 f×, (79)
y = py0 σ1 (1 + f+)− px0 σ1 f×, (80)
v = s−
σ1
2pv0
[
−ǫ+ p2x0 + p
2
y0 − (p
2
x0 − p
2
y0)f+ − 2 px0py0f×
]
, (81)
where ǫ = 1 and fa is given by
fa =
1
u− s
∫ u
s
ha(u
′) du′. (82)
The boundary-value problem is to determine arbitrary constants pv0, px0, py0, s, σ1
in terms of the coordinates of point P1.
Due to nonlinear nature of the boundary-value problem the solution consists of
several steps. First, we find the components of the tangent vector from (78)–(80):
pv0 = −
1
2σ1
(u− s), (83)
px0 = (1 + f+)
x
σ1
+ f×
y
σ1
, (84)
py0 = (1 − f+)
y
σ1
+ f×
x
σ1
. (85)
We shall not be concerned with the fact that s and σ1 are unknown at this point. We
will have to come back to these equations after we determine s and σ1. Substituting
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(83)–(85) into (81), we obtain
(u− s)(v − s) = −σ21 + x
2 + y2 + (x2 − y2) f+ + 2xy f×. (86)
The next step involves the orthogonality condition (73). Since pτ = −pv0− pu we can
express this condition as
pu|σ=0 = −pv0. (87)
With the explicit form for pu, equation (45), this condition becomes
4p2v0 = 1− p
2
x0 − p
2
y0 + (p
2
x0 − p
2
y0)hˆ+ + 2px0py0hˆ×. (88)
Substituting (83)–(85) in (88), we obtain
(u− s)2 = σ21 − x
2 − y2 − (x2 − y2)(2f+ − hˆ+)− 2xy(2f× − hˆ×).(89)
The nonlinear equations (86) and (89) are the key formulae in the boundary-value
problem.
We can now find the solution for s. Combining (89) with (86), we eliminate σ21
with the result
2(s− τ)(u − s) = (x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×). (90)
This equation can be written in the following equivalent form:
s = τ +
1
2(u− s)
[
(x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×)
]
. (91)
It defines s as an implicit function of the coordinates of the end point. One can use
this equation as an iteration formula to determine s because the terms in the square
brackets are of order h. We should not be concerned with the apparent singularity of
this formula as u→ s. One can easily prove that
fa − hˆa
u− s
→
1
2
h′a(s) (92)
in this limit.
For completeness, we obtain an explicit formula for s to first order in h. The
orthogonality condition (73) implies that in the absence of the gravitational wave
s = τ . Then u − s ≈ z to first order in h. We can substitute this approximation in
(91) and obtain
s ≈ τ +
1
2z
[
(x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×)
]
. (93)
Moreover, to first order in h we can replace every occurrance of s with τ in the right-
hand side of this equation. Then
hˆa ≈ ha(τ), (94)
fa ≈
1
z
∫ τ+z
τ
ha(u
′) du′. (95)
With these approximations, equation (93) yields an explicit solution for s and this
solution is unique. Finally, note that the formulae for s and fa, equations (93) and
(95), are finite in the limit z → 0. This can be easily seen by substituting the Taylor
expansion of ha(τ + z) in powers of z in (95).
We can now determine σ1 from equation (86). Knowing the solution for s and
using the fact that s− τ is of order h, we can approximate (86) as
σ21 = r
2 + (x2 − y2) f+ + 2xy f×, (96)
Fermi-normal, optical, and wave-synchronous coordinates 15
where r =
√
x2 + y2 + z2. Naturally, there are two solutions:
σ1 = ±
[
r2 + (x2 − y2) f+ + 2xy f×
]1/2
. (97)
The solution with the “−” sign corresponds to the extension of the geodesic beyond
the point P0 into the past. The extension terminates at point P2 which is the inverse
of point P1. Therefore, we can safely discard this solution. Taking the “+” sign and
keeping only terms first order in h, we obtain the final solution for σ1:
σ1 ≈ r +
1
2r
[
(x2 − y2) f+ + 2xy f×
]
. (98)
Once s and σ1 are known, we can return to equations (83)–(85) and complete
determination of pv0, px0, py0 by substituting in them the explicit formulae for s
and σ1. We have thus obtained the solution for the boundary-value problem and
showed that this solution is unique.
5.2. Coordinate transformation rules
With the explicit formulae for the connecting geodesic we can now proceed to the
construction of Fermi normal coordinates. Let pν(σ) be the tangent vector on the
connecting geodesic. Then the normal coordinates [3] of point P1 are defined according
to
x¯µ ≡ xµ0 + λ
µ¯
ν p
ν |σ=0 σ1, (99)
or, equivalently,
x¯µ ≡ xµ0 + λ
µ¯ν pν |σ=0 σ1. (100)
Note that pv0, px0, py0 are constant along the geodesic and for these components we
can omit the sign |σ=0 .
Consider first the transformation of τ . By virtue of the orthogonality condition
(73), we have
τ¯ ≡ s+ pτ |σ=0 σ1 = s. (101)
The transformation of the z coordinate can be found as follows:
z¯ ≡ λz¯z pz|σ=0 σ1
= − 2pv0σ1
= u− s, (102)
where we used the fact that pz|σ=0 = −2pv0 which follows from the orthogonality
condition (73). Thus, the first two equations for the new coordinates are
τ¯ = s, (103)
z¯ = u− s. (104)
Here the complexity of the coordinate transformation is hidden in s which is a function
of τ, x, y, z, given by (91) or (93). From equations (103) and (104) we can see that
u¯ = u, (105)
v¯ = v +
1
u− s
[
(x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×)
]
. (106)
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Consider now the transformation of the x coordinate. From definition (100) and
also (74) we find
x¯ ≡ λx¯xpx0σ1 + λ
x¯ypy0σ1
=
(
1−
1
2
hˆ+
)
px0σ1 +
(
−
1
2
hˆ×
)
py0σ1. (107)
By substituting the formulae for px0 and py0 from (84) and (85), and keeping the
terms first order in h only, we obtain
x¯ = x+ x
(
f+ −
1
2
hˆ+
)
+ y
(
f× −
1
2
hˆ×
)
. (108)
Similar steps lead to the transformation rule for the y coordinate:
y¯ = y − y
(
f+ −
1
2
hˆ+
)
+ x
(
f× −
1
2
hˆ×
)
. (109)
Finally, we rewrite (104) and (103), replacing s with its nonlinear representation (91)
z¯ = z −
1
2(u− s)
[
(x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×)
]
, (110)
τ¯ = τ +
1
2(u− s)
[
(x2 − y2)(f+ − hˆ+) + 2xy(f× − hˆ×)
]
. (111)
We have thus obtained the formulae for Fermi normal coordinates x¯, y¯, z¯, τ¯ of point
P1 in terms of its TT coordinates x, y, z, τ .
Even though the term (u − s) appears in the denominators of (110) and (111),
the corresponding fractions are not divergent. We have already seen in (92) that the
function,
Ha ≡
fa − hˆa
u− s
=
1
(u− s)2
∫ u
s
[ha(u
′)− ha(s)] du
′, (112)
has a finite limit for u → s. Using this function, we can present the coordinate
transformation formulae in an explicitly regular form:
x¯ = x+
1
2
x hˆ+ +
1
2
y hˆ× + (u− s) (xH+ + yH×) , (113)
y¯ = y −
1
2
y hˆ+ +
1
2
x hˆ× − (u− s) (yH+ − xH×) , (114)
z¯ = z −
1
2
(x2 − y2)H+ − xyH×, (115)
τ¯ = τ +
1
2
(x2 − y2)H+ + xyH×. (116)
This form will be particularly useful for series expansions.
5.3. Metric in Fermi normal coordinates
To obtain the metric in Fermi normal coordinates, we need to invert the coordinate
transformation rules (113)–(116). To first order in h, the inverse formulae can be
written as
x = x¯−
1
2
x¯ hˆ+ −
1
2
y¯ hˆ× − z¯ (x¯H+ + y¯H×) , (117)
y = y¯ +
1
2
y¯ hˆ+ −
1
2
x¯ hˆ× + z¯ (y¯H+ − x¯H×) , (118)
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z = z¯ +
1
2
(x¯2 − y¯2)H+ + x¯y¯H×, (119)
τ = τ¯ −
1
2
(x¯2 − y¯2)H+ − x¯y¯H×, (120)
where we replaced u− s with z¯. Then Ha is given by
Ha =
1
z¯
(
fa − hˆa
)
, (121)
in which hˆa and fa must be viewed as functions of the new coordinates:
hˆa = ha(τ¯ ), (122)
fa =
1
z¯
∫ τ¯+z¯
τ¯
ha(u
′) du′. (123)
We then substitute the inverse transformation rules into the fundamental form (18)
and group together all terms containing the same binomial dx¯µdx¯ν . (At this step, it
would be simpler to use u, v coordinates instead of z, τ .) The resulting formulae for
the metric,
g¯µν = ηµν + Cµν , (124)
are somewhat complicated. However, they can be greatly simplified if we introduce
the following functions:
Pa(s, u) = ha(u) + ha(s)−
2
u− s
∫ u
s
ha(u
′) du′, (125)
Qa(s, u) = ha(u)−
1
2
(u − s)h′a(s)−
1
u− s
∫ u
s
ha(u
′) du′, (126)
which we will write compactly as
Pa = ha + hˆa − 2fa, (127)
Qa = ha −
1
2
z¯ hˆ′a − fa. (128)
Then the components of the metric can be written as
Cxx = P+, (129)
Cyy = − P+, (130)
Cxy = P×, (131)
Cxz = −
1
z¯
(x¯P+ + y¯P×) , (132)
Cyz = −
1
z¯
(x¯P× − y¯P+) , (133)
Czz =
1
z¯2
[
(x¯2 − y¯2)P+ + 2x¯y¯P×
]
, (134)
Cτx = −
1
z¯
(x¯Q+ + y¯Q×) , (135)
Cτy = −
1
z¯
(x¯Q× − y¯Q+) , (136)
Cτz =
1
z¯2
[
(x¯2 − y¯2)Q+ + 2x¯y¯Q×
]
, (137)
Cττ =
1
z¯2
[
(x¯2 − y¯2)(2Q+ − P+) + 2x¯y¯(2Q× − P×)
]
. (138)
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We have thus obtained the metric in Fermi normal coordinates. Since all derivations
here were done to first order in h, the formulae for the Fermi normal metric are valid as
long as |Cµν | ≪ 1. This condition naturally limits the transverse coordinates x¯ and y¯.
However, there are no limitations in the longitudinal direction: the z¯ coordinate can
be completely arbitrary, including the limit z¯ → 0. Despite the apparent singularity
of some of the metric components as z¯ → 0, all such expressions are finite in this limit,
as will be shown in Section 6,
6. Series expansions in distance parameters
Fermi normal coordinates and the induced metric have always been presented in terms
of perturbation series in powers of distance parameters. In this Section we briefly
describe such series expansions and show how they can be derived from the exact
formulae. It is within the perturbation series approach that one encounters the idea
of the long-wavelength regime.
6.1. Infinite series representation
Consider the Taylor series for ha(u) defined on the connecting geodesic:
ha(u) =
∞∑
n=0
1
n!
(u − s)n h(n)a (s). (139)
The right-hand side of this equation can be viewed as containing only Fermi normal
coordinates. Indeed, s = τ¯ according to (103) and u − s = z¯ according to (104).
Therefore, we can write this series as
ha =
∞∑
n=0
z¯n
n!
hˆ(n)a , (140)
where for simplicity we suppressed the arguments of the functions according to
definitions (76) and (77). Next, we obtain the series expansions for fa and Ha:
fa =
∞∑
n=0
z¯n
(n+ 1)!
hˆ(n)a , (141)
Ha =
∞∑
n=1
z¯n−1
(n+ 1)!
hˆ(n)a . (142)
Then the series representation for the coordinate transformations (117)–(120) can be
obtained by substituting in them the series for Ha from (142). We can also obtain the
series representation for the coordinate transformations (113)–(116). In this case, we
will need to make the following approximations: z¯ ≈ z and s ≈ τ to make sure that
the resulting formulae contain only the TT coordinates in their right-hand sides.
The series representation for the induced metric can be found in two different
ways. One can calculate the metric from the series representation for the coordinate
transformations. Or, one can obtain the metric from the exact formulae in Section 5.3.
The second method is simpler. Indeed, using the Taylor series (140) and (141), we
find the series expansion for Pa and Qa:
Pa =
∞∑
n=2
n− 1
(n+ 1)!
z¯nhˆ(n)a , (143)
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Qa =
∞∑
n=2
n
(n+ 1)!
z¯nhˆ(n)a . (144)
Substituting these formulae in (129)–(138), we obtain the series representation for the
metric in Fermi normal coordinates. These formulae will be written in terms of the
derivatives of hˆa. We can also write them in terms of the components of the Riemann
tensor:
g¯00 = − 1− 2
∞∑
n=2
n+ 1
(n+ 1)!
Rˆ
(n−2)
0k0l x¯
kx¯lz¯n−2, (145)
g¯0j = − 2
∞∑
n=2
n
(n+ 1)!
Rˆ
(n−2)
0kjl x¯
kx¯lz¯n−2, (146)
g¯ij = δij − 2
∞∑
n=2
n− 1
(n+ 1)!
Rˆ
(n−2)
ikjl x¯
kx¯lz¯n−2, (147)
where the summation over the transverse tensor indices k, l is implicit, and
Rˆ
(n)
µναβ =
[
dn
dun
Rµναβ(u)
]
u=s
. (148)
We have thus reproduced the results of Fortini and Gualdi [12]. Note also that
equations (145)–(147) are a special case of formulae (8)–(10) derived by Marzlin [23].
The series expansions show that there are no singularities in the coordinate
transformation rules and the induced metric in the limit of u→ s or z¯ → 0. Also, we
can see that g¯µν → ηµν in the limit when the distance parameters vanish.
6.2. Lowest-order approximations
Truncation of the infinite series will lead to approximate formulae for Fermi normal
coordinates and the induced metric. For example, the lowest order approximation is
obtained by truncating the Taylor series (140) at the first order (n = 1). At this order,
the coordinate transformation rules are approximated by
x¯ ≈ x+
1
2
x hˆ+ +
1
2
y hˆ× +
1
2
z¯
(
x hˆ′+ + y hˆ
′
×
)
, (149)
y¯ ≈ y −
1
2
y hˆ+ +
1
2
x hˆ× −
1
2
z¯
(
y hˆ′+ − x hˆ
′
×
)
, (150)
z¯ ≈ z −
1
4
(x2 − y2) hˆ′+ −
1
2
xy hˆ′
×
, (151)
τ¯ ≈ τ +
1
4
(x2 − y2) hˆ′+ +
1
2
xy hˆ′
×
, (152)
where we can replace z¯ with z in the right-hand side of these equations. The
induced metric at this order is trivial: g¯µν ≈ ηµν because non-zero corrections to
the metric appear only in the second order. We have thus reproduced the first-order
approximation for Fermi normal coordinates which appeared in the early papers of
Grishchuk [9, 10]. These transformation rules were later revisited by Baskaran and
Grishchuk in their analysis of the response of laser gravitational-wave detectors [17].
The second-order approximation leads to the well-known formulae of Manasse
and Misner. This can be easily seen from equations (145)–(147) if we truncate the
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series with n = 2 terms. Another approach would be to take the exact formulae for
the metric (129)–(138) and substitute in them the second-order approximations:
Pa ≈
1
6
z¯2 hˆ′′a , (153)
Qa ≈
1
3
z¯2 hˆ′′a . (154)
The result is
Cxx ≈
1
6
z¯2 hˆ′′+, (155)
Cyy ≈ −
1
6
z¯2 hˆ′′+, (156)
Cxy ≈
1
6
z¯2 hˆ′′
×
, (157)
Cxz ≈ −
1
6
z¯
(
x¯ hˆ′′+ + y¯ hˆ
′′
×
)
, (158)
Cyz ≈ −
1
6
z¯
(
x¯ hˆ′′
×
− y¯ hˆ′′+
)
, (159)
Czz ≈
1
6
(x¯2 − y¯2)hˆ′′+ +
1
3
x¯ y¯ hˆ′′
×
, (160)
Cτx ≈ −
1
3
z¯
(
x¯ hˆ′′+ + y¯ hˆ
′′
×
)
, (161)
Cτy ≈ −
1
3
z¯
(
x¯ hˆ′′
×
− y¯ hˆ′′+
)
, (162)
Cτz ≈
1
3
(x¯2 − y¯2)hˆ′′+ +
2
3
x¯ y¯ hˆ′′
×
, (163)
Cττ ≈
1
2
(x¯2 − y¯2)hˆ′′+ + x¯ y¯ hˆ
′′
×
, (164)
which is the explicit form for the Manasse-Misner formulae.
By truncating the Taylor series for ha one can obtain the approximate formulae
for Fermi normal coordinates and the induced metric at any desired order n. In any
such approximation, it is assumed that the (n+1)-order terms are much less than the
terms of order n. For a sinusoidal gravitational wave with wavelength λ, the expansion
will be in powers of z¯/λ. Then the higher-order terms become negligible if |z¯| ≪ λ.
This condition is commonly known as the long-wavelength regime.
7. Optical coordinates
It was pointed out by Synge that the condition for orthogonality of the connecting
geodesic and the observer’s worldline is somewhat artificial [3]. A more natural
approach would be to use a null geodesic for the connecting curve. We therefore
consider here a different boundary-value problem in which we replace the spacelike
connecting geodesic with a null geodesic. The resulting normal coordinates will be
called optical coordinates – the name suggested by Synge in his analysis of normal
coordinates for an arbitrary geometry of spacetime [3].
The equations for the boundary-value problem in this case are the same as those
in Section 5.1, namely (78)–(81) with ǫ = 0. The only difference is that the condition
for orthogonality (73) is replaced with the null condition:
pµp
µ = 0. (165)
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Unlike the case of the FN coordinate construction, we will not be able to determine
parameter σ1 uniquely from the boundaries. This is because equations (78)–(81)
become scale invariant for ǫ = 0, i.e. they are invariant under the transformation:
σ → κσ and pµ → pµ/κ for an arbitrary constant κ. By taking advantage of this scale
invariance, we can set σ1 = 1.
The null condition (165) gives us a formula for pu:
pu =
1
4pv0
[
p2x0 + p
2
y0 − (p
2
x0 − p
2
y0)h+ − 2px0py0h×
]
. (166)
The solution for the geodesic equation (Section 3.3) connects the coordinates of points
P0 and P1:
u = s− 2pv0, (167)
x = px0 (1− f+)− py0f×, (168)
y = py0 (1 + f+)− px0f×, (169)
v = s−
1
2pv0
[
p2x0 + p
2
y0 − (p
2
x0 − p
2
y0)f+ − 2 px0py0f×
]
, (170)
where fa is given by
fa =
1
u− s
∫ u
s
ha(u
′) du′. (171)
The boundary-value problem is to determine arbitrary constants pv0, px0, py0, s in
terms of the coordinates of point P1.
As with FN coordinates, our first step is to express constants pv0, px0, py0 from
equations (167)–(169):
pv0 = − (u− s)/2, (172)
px0 = x (1 + f+) + y f×, (173)
py0 = y (1− f+) + x f×, (174)
and substitute for them in equation (170). The result is
(s− τ)2 = r2 + (x2 − y2)f+ + 2 xyf×. (175)
This equation contains s in the left-hand side and also in the right-hand side as an
argument of fa. However, fa are first order in h and therefore this equation can be
solved perturbatively.
In the absence of a gravitational wave, equation (175) reduces to the formula for
the light cone: (s− τ)2 = r2, which has two solutions: s = τ ± r. We choose to have
point P1 in the causal future of the observer, as shown in figure 2. In other words, the
connecting geodesic represents the photon traveling from P0 to P1. Thus, we take for
the unperturbed solution s = τ − r. Then to first order in h the solution of (175) is
s = τ − r −
1
2r
[
(x2 − y2)f+ + 2 xyf×
]
, (176)
where now
fa =
1
z + r
∫ τ+z
τ−r
ha(u
′) du′, (177)
which is obtained from (171) by replacing s with its zeroth-order approximation τ −r.
We have thus obtained the solution for s in the boundary-value problem for the
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Figure 2. The observer’s worldline z = 0 and the connecting geodesic P0P1 in
the boundary-value problem for optical coordinates. P1 is in the causal future of
P0 = {τ − r, 0, 0, 0} and is in the causal past of P ′0 = {τ + r, 0, 0, 0}.
connecting null geodesic and showed that this solution is unique. We can now return
to equations (172)–(174) and complete the calculation of pv0, px0, py0.
Note that one can also take the second unperturbed solution s = τ + r, which
corresponds to the situation when point P1 is in the causal past of the observer. In
this case the connecting geodesic cuts the worldline of the observer at a different point
(P ′0), as shown in figure 2. The photon traveling along this null geodesic will be moving
into the past. This choice would lead to a slightly different solution for the boundary-
value problem and consequently to a slightly different set of normal coordinates. In
either case, however, only one null geodesic connects the observer with a given point
in this spacetime.
7.1. Coordinate transformation rules
The coordinate transformations are found from the general rule, equation (100), which
we write here as
x¯µ ≡ xµ0 + λ
µ¯ν pν |σ=0 . (178)
Consider first the transformation of the u coordinate. From equation (172), we obtain
u¯ = s+ λu¯vpv0 = s+ (−2)[−(u− s)/2], (179)
and therefore,
u¯ = u. (180)
Next, consider the transformation of x:
x¯ = λx¯xpx0 + λ
x¯ypy0. (181)
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Substituting for λµ¯ν and pν , and keeping terms first order in h, we obtain
x¯ = x+ x
(
f+ −
1
2
hˆ+
)
+ y
(
f× −
1
2
hˆ×
)
. (182)
Similarly, we obtain the transformation of y:
y¯ = y − y
(
f+ −
1
2
hˆ+
)
+ x
(
f× −
1
2
hˆ×
)
. (183)
Finally, we consider the transformation of the v coordinate,
v¯ ≡ s+ λv¯u pu|σ=0 . (184)
Using (166) and (172)–(174), we obtain
v¯ = v +
1
u− s
[
(x2 − y2)(f+ − hˆ+)− 2 xy(f× − hˆ×)
]
. (185)
It is interesting to note that these transformation rules are formally equivalent to those
we derived for Fermi normal coordinates, namely (105), (106), (108), (109). The only
difference is in the definition of the parameter s. The fact that the formulae for optical
coordinates are identical to those of Fermi normal coordinates is not related to the
symmetries of this spacetime or the plane-front properties of the gravitational wave.
It holds for any weak-field geometry of spacetime as was shown by Synge [3].
7.2. Metric in optical coordinates
To obtain the metric in optical coordinates, we need to invert the coordinate
transformation rules, equations (180), (182), (183), (185), and substitute the resulting
formulae in the fundamental form (21). We can then group together all terms
containing the same binomial dx¯µdx¯ν and thus obtain the components of the induced
metric g¯µν . The resulting formulae are somewhat complicated. However, one can
easily recognize in them the components of the metric in Fermi normal coordinates.
Therefore, the result can be presented as a sum:
g¯µν = ηµν + Cµν +Dµν , (186)
where Cµν has the same structure as the metric in the FN coordinates and Dµν is the
new part.
Consider the definition for functions Pa and Qa given by (125) and (126). Using
the fact that u − s ≈ z¯ + r¯ which is valid to first order in h, we obtain the formulae
for these functions in optical coordinates:
Pa = ha + hˆa − 2fa, (187)
Qa = ha −
1
2
(z¯ + r¯) hˆ′a − fa. (188)
Then the first part of the metric in optical coordinates can be written as
Cxx = P+, (189)
Cyy = − P+, (190)
Cxy = P×, (191)
Cxz = −
1
z¯ + r¯
(x¯P+ + y¯P×) , (192)
Cyz = −
1
z¯ + r¯
(x¯P× − y¯P+) , (193)
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Czz =
1
(z¯ + r¯)2
[
(x¯2 − y¯2)P+ + 2x¯y¯P×
]
, (194)
Cτx = −
1
z¯ + r¯
(x¯Q+ + y¯Q×) , (195)
Cτy = −
1
z¯ + r¯
(x¯Q× − y¯Q+) , (196)
Cτz =
1
(z¯ + r¯)2
[
(x¯2 − y¯2)Q+ + 2x¯y¯Q×
]
, (197)
Cττ =
1
(z¯ + r¯)2
[
(x¯2 − y¯2)(2Q+ − P+) + 2x¯y¯(2Q× − P×)
]
. (198)
If we note that z¯ + r¯ = u − s in optical coordinates, and that z¯ = u − s in Fermi
normal coordinates, the formulae for Cµν are identical in both coordinate systems.
Next, we introduce two new quantities: R and S according to the following
definitions:
R = x¯(Q+ − P+) + y¯(Q× − P×), (199)
S = x¯(Q× − P×)− y¯(Q+ − P+). (200)
Then the second part of the metric can be written as
Dxx =
2
r¯(z¯ + r¯)
x¯R, (201)
Dyy =
2
r¯(z¯ + r¯)
y¯S, (202)
Dxy =
1
r¯(z¯ + r¯)
(x¯S + y¯R) , (203)
Dxz =
1
r¯(z¯ + r¯)2
[z¯(z¯ + r¯)R− x¯(x¯R + y¯S)] , (204)
Dyz =
1
r¯(z¯ + r¯)2
[z¯(z¯ + r¯)S − y¯(x¯R+ y¯S)] , (205)
Dzz = −
2
r¯(z¯ + r¯)2
z¯ (x¯R+ y¯S) , (206)
Dτx = −
1
r¯(z¯ + r¯)2
x¯ (x¯R + y¯S) , (207)
Dτy = −
1
r¯(z¯ + r¯)2
y¯ (x¯R+ y¯S) , (208)
Dτz = −
1
r¯(z¯ + r¯)2
z¯ (x¯R+ y¯S) , (209)
Dττ = 0. (210)
Optical coordinates are a lesser known alternative to Fermi normal coordinates for
analysis of a gravitational wave from the point of view of an inertial observer.
8. Wave synchronous coordinates
In Sections 5 and 7 we solved the boundary-value problem using the main (non-
singular) solution for the connecting geodesic. As we know, the geodesic equation can
also have the singular solution, for which
pv0 = 0. (211)
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Figure 3. The observer’s worldline z = 0 and the connecting geodesic P0P1 in
the boundary-value problem for wave-synchronous coordinates. P0P1 lies in the
plane u = const which coincides with one of the surfaces of constant phase of
the gravitational wave. Negative values of parameter σ correspond to the second
connecting geodesic P0P2, where P2 = {τ,−x,−y, z}. (In zτ plane P2 appears at
the same location as P1.)
We will now consider the normal coordinate construction based on the singular solution
for the connecting geodesic. In this case, we have to abandon the Fermi condition of
orthogonality (73) because it is not compatible with (211).
We take the singular solution described in Section 3.4. Then u is constant along
the geodesic:
u(σ) = u0. (212)
In other words, advancing parameter σ makes the corresponding point xµ(σ) move
along the geodesic in such a way that it remains fixed to a particular phase front of
the gravitational wave, as shown in figure 3. For this reason, we will call the normal
coordinates that are based on this solution wave-synchronous coordinates.
As before, we assume that the connecting geodesic originates from the worldline
of the observer, at point P0 = {s, 0, 0, 0}, and ends at an arbitrary point in this
spacetime, P1 = {τ, x, y, z}. The affine parameter along the geodesic takes the value
σ = 0 at point P0 and σ = σ1 at point P1. The solution for the geodesic equation
(Section 3.4) connects the coordinates of points P0 and P1:
x = px0 σ1 (1− h+)− py0 σ1 h×, (213)
y = py0 σ1 (1 + h+)− px0 σ1 h×, (214)
z = Aσ21 +Bσ1, (215)
τ = s−Aσ21 −Bσ1, (216)
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where ha is constant along the geodesic:
ha = ha(u) = ha(u0). (217)
The boundary value problem is to determine arbitrary constants px0, py0, A,B, s, σ1
in terms of the coordinates of point P1.
First, we find parameter s a function of the coordinates of P1. By definition,
s = u0. Since u is constant along the geodesic (212), we find that
s = u, or s = τ + z. (218)
Second, inverting (213) and (214) to first order in h, we obtain
px0 = (1 + h+)
x
σ1
+ h×
y
σ1
, (219)
py0 = (1 − h+)
y
σ1
+ h×
x
σ1
. (220)
Substituting these equations in the normalization condition (29) with ǫ = 1, we obtain
the formula for σ1:
σ21 = x
2 + y2 + (x2 − y2)h+ + 2xy h×. (221)
Naturally, there are two solutions:
σ1 = ±
[
x2 + y2 + (x2 − y2)h+ + 2xy h×
]1/2
. (222)
The solution with the “−” sign corresponds to another singular geodesic with the
same parameter u0. This second geodesic connects P0 with point P2 = {τ,−x,−y, z}
which is the inverse of point P1 in the xy-plane. Therefore, we can safely discard this
solution. Taking the “+” sign and keeping only terms first order in h, we obtain the
final solution for σ1:
σ1 ≈ ρ+
1
2ρ
[
(x2 − y2)h+ + 2xy h×
]
, (223)
where ρ =
√
x2 + y2.
Next, we can substitute px0 and py0 in (56) and find the constant A to first order
in h:
A =
1
4σ21
[
(x2 − y2)h′+ + 2xy h
′
×
]
. (224)
Knowing A and σ1, we can find B from (215),
B =
1
σ1
(
z −Aσ21
)
. (225)
It follows from equations (215) and (216) that
pz|σ=0 = − p
τ |σ=0 = B. (226)
We now turn to the derivation of the coordinate transformation rules using the
definition (99). Consider first the x coordinate:
x¯ ≡ λx¯xpx0σ1 + λ
x¯ypy0σ1
= x+
1
2
xh+ +
1
2
y h×. (227)
Similarly, we derive the transformation rule for the y coordinate:
y¯ ≡ λy¯ypy0σ1 + λ
y¯xpx0σ1
= y −
1
2
y h+ +
1
2
xh×. (228)
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Using (226), we can obtain a formula for z,
z¯ ≡ λz¯ z p
z|σ=0 σ1
= Bσ1
= z −Aσ21 , (229)
and for τ ,
τ¯ ≡ s+ λτ¯ τ p
τ |σ=0 σ1
= s−Bσ1
= τ +Aσ21 . (230)
We have thus obtained the transformation rules for wave-synchronous coordinates,
which can be summarized as
x¯ = x+
1
2
xh+(u) +
1
2
y h×(u), (231)
y¯ = y −
1
2
y h+(u) +
1
2
xh×(u), (232)
z¯ = z −
1
4
(x2 − y2)h′+(u)−
1
2
xyh′
×
(u), (233)
τ¯ = τ +
1
4
(x2 − y2)h′+(u) +
1
2
xyh′
×
(u). (234)
Equivalently, one can use u, v instead of z, τ :
u¯ = u, (235)
v¯ = v +
1
2
(x2 − y2)h′+(u) + xyh
′
×
(u). (236)
To find the metric in wave-synchronous coordinates we need to invert the
coordinate transformation rules, equations (231), (232), (235), (236) and substitute
the resulting formulae in the fundamental form (21). The result is
F = −du¯dv¯ + dx¯2 + dy¯2 − 2Φdu¯2, (237)
where Φ is given by
Φ = −
1
4
(x¯2 − y¯2)h′′+(u¯)−
1
2
x¯y¯ h′′
×
(u¯). (238)
Therefore, the nonzero components of the metric in wave-synchronous coordinates are
g¯xx = 1, (239)
g¯yy = 1, (240)
g¯zz = 1− 2Φ, (241)
g¯τz = − 2Φ, (242)
g¯ττ = − 1− 2Φ. (243)
This metric represents the exact solution of the Einstein equations found by Peres
[19] and also by Ehlers and Kundt [20]. The equivalence of the exact solution and the
metric of the wave-synchronous coordinates was previously discussed in [18].
We have seen that Fermi normal coordinates are valid for arbitrarily large
distances in the longitudinal (z¯) direction but are limited in the transverse (x¯y¯)
plane. Since wave-synchronous coordinates correspond to the exact solution of general
relativity, they are not restricted in space the way Fermi normal coordinates are. The
exact solution requires special attention in the case when |Φ| ∼ 1 for which g¯ττ may
vanish. Analysis of the metric in this regime belongs to the study of exact solutions
of general relativity and is outside the scope of this paper.
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9. Comparison of the coordinate systems
In this Section, we briefly consider how the different coordinate systems can be used to
describe the motion of an inertial test mass which is placed in the field of a gravitational
wave. In what follows, the normal coordinates will appear as x, y, z, τ , i.e. without
the overline, for simplicity.
9.1. TT gauge versus normal coordinates
As we have seen in Section 4, an inertial test mass that is initially at rest in the
TT coordinate system will remain at rest even in the presence of a gravitational
wave. Here the words “at rest” only mean that the coordinates of the test mass are
not changing. One way to realize such a coordinate system would be to use inertial
masses themselves to define the coordinate grid. Imagine a large number of inertial
masses in space forming a 3-dimensional cubic lattice and assume that initially no
mass is moving relative to the other. For any point on the grid, its order numbers
along the three lattice dimensions would yield the TT coordinates of that location.
Assume that a test mass is introduced in this space, and it is at rest with respect
to this grid. Then there will be no relative motion between the test mass and the
co-located mass on the grid even in the presence of a gravitational wave. Therefore,
the coordinates of the test mass will not be changing. However, the proper distance
between any two masses on the grid will be changing due to changes in the metric
that are caused by the gravitational wave. An effort to make changes in the proper
distance between two masses appear as changes in their coordinates would lead to
normal coordinate construction. In a normal coordinate system, an inertial test mass
will appear to be moving with respect to the coordinate grid, i.e. its coordinates
will be changing. The details of this motion will depend on the type of the normal
coordinates used. We consider here the motion of an inertial test mass under the
influence of a gravitational wave for two normal coordinate systems described above:
Fermi and wave-synchronous.
9.2. Motion of a test mass in Fermi normal coordinates
If the test mass was at rest in TT coordinates, it will be moving in FN coordinates.
The exact dependence of the test mass coordinates on time is given by equations
(113)–(116) in which we have to assume that the TT coordinates are constant. In FN
coordinates, the test mass is experiencing acceleration which indicates the presence
of forces produced by the gravitational wave. To analyze these forces we need to find
explicit formulae for the acceleration of the test mass. Differentiating equations (113)–
(116) twice with respect to time and replacing the constant TT coordinates with their
FN counterparts, we obtain
d2x
dτ2
=
1
2
xh′′+ +
1
2
y h′′
×
+ z
(
xH ′′+ + yH
′′
×
)
, (244)
d2y
dτ2
=
1
2
xh′′
×
−
1
2
y h′′+ + z
(
xH ′′
×
− yH ′′+
)
, (245)
d2z
dτ2
= −
1
2
(x2 − y2)H ′′+ − xyH
′′
×
, (246)
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where primes denote derivatives with respect to τ . The function Ha was introduced
in (112) and its derivatives
H ′a =
1
z2
[ha(τ + z)− ha(τ)− zh
′
a(τ)] , (247)
H ′′a =
1
z2
[h′a(τ + z)− h
′
a(τ)− zh
′′
a(τ)] , (248)
are finite in the limit of z → 0.
One can also find the test mass acceleration directly in FN coordinates, bypassing
the TT gauge altogether. Indeed, taking the equations for a geodesic in FN
coordinates,
d2xi
dτ2
=
1
2
∂Cττ
∂xi
−
∂Cτi
∂τ
, for i = 1, 2, 3, (249)
and substituting in them the formulae for the metric coefficients Cτi and Cττ from
(135)–(138) we can obtain equations (244)–(246). These equations describe the
acceleration of the test mass in response to the propagating gravitational wave. In
this form, they are not easy to interpret. We know for example, that the longitudinal
acceleration (along z) is much smaller than the acceleration in the transverse directions
(x, y) but this is not obvious from these equations.
Interpretation of the acceleration will be straightforward if the equations are
presented in the Newtonian form. This can be done as follows. First, we replace τ
with t via τ = ct. Then we introduce the scalar field φ and the vector field b according
to the definitions:
Cττ = −
2
c2
φ, (250)
Cτi = −
1
c2
bi. (251)
With these notational changes, equations (249) can be written in the Newtonian form:
d2r
dt2
= −∇φ+
1
c
∂b
∂t
. (252)
Here φ represents the dominant part of the acceleration produced by the gravitational
wave and b generates relativistic corrections. (The relativistic corrections come from
both φ and b, but only φ generates the non-relativistic part.)
Explicit formula for the scalar field can be found from (138),
φ = −
c2
2z2
[
(x2 − y2) (2Q+ − P+) + 2xy (2Q× − P×)
]
. (253)
Explicit formulae for the vector field can be found from (135) – (137),
bx =
c2
z
(xQ+ + yQ×) , (254)
by =
c2
z
(xQ× − yQ+) , (255)
bz = −
c2
z2
[
(x2 − y2)Q+ + 2xyQ×
]
. (256)
Note that equation (253) can also be written as
φ = −
c2
2
[
(x2 − y2)H ′+ + 2xyH
′
×
]
, (257)
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where H ′a is given by (247).
The non-relativistic approximation of (252) can be obtained by expanding scalar
field φ and vector field b in powers of 1/c. The leading terms in this expansion are
given by the second-order approximation for the metric, (161)–(164). We will also
need to make the substitution:
ha(τ + z) = ηa
(
t+
z
c
)
, (258)
which will allow expansion of ha in powers of 1/c. Consistency requires that we expand
φ to the first order:
φ = φ0 + φ1, (259)
where φ0 is purely non-relativistic and φ1 is of order 1/c. Consider first the non-
relativistic part of the potential φ0. Taking the leading (zeroth-order) terms in the
expansion of Ha in (257) we find that
φ0 = −
1
4
(x2 − y2)η¨+(t)−
1
2
xy η¨×(t). (260)
This part defines the non-relativistic approximation for the test mass acceleration:
−
∂φ0
∂x
=
1
2
x η¨+(t) +
1
2
y η¨×(t), (261)
−
∂φ0
∂y
=
1
2
x η¨×(t)−
1
2
y η¨+(t), (262)
−
∂φ0
∂z
= 0. (263)
In this picture, the gravitational wave manifests itself through the time-dependent
potential which generates the forces acting on the mass (one for each polarization
+ and ×). These forces are orthogonal to the direction of the gravitational-wave
propagation. Therefore, the motion of the test mass caused by these forces is confined
to the transverse plane.
In the non-relativistic approximation, the scalar field satisfies the Laplace
equation
∇2φ0 = 0. (264)
The same equation is satisfied by gravitational potentials away from the sources in
Newtonian physics. In this regard, the scalar field can be viewed as a special case of
a gravitational potential.
The relativistic corrections come from φ1 and b. Taking the first-order terms in
the expansion of Ha in (257) we find that
φ1 = −
1
12c
z
[
(x2 − y2)η
(3)
+ (t) + 2xy η
(3)
×
(t)
]
. (265)
Expanding (161)–(163) in powers of 1/c and keeping the leading order terms, we obtain
bx =
1
3
z [x η¨+(t) + y η¨×(t)] , (266)
by =
1
3
z [x η¨×(t)− y η¨+(t)] , (267)
bz = −
1
3
[
(x2 − y2)η¨+(t) + 2xy η¨×(t)
]
. (268)
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Thus, the first-order relativistic correction to the test mass acceleration is given by
−
∂φ1
∂x
+
1
c
∂bx
∂t
=
1
2c
z
[
x η
(3)
+ (t) + y η
(3)
×
(t)
]
, (269)
−
∂φ1
∂y
+
1
c
∂by
∂t
=
1
2c
z
[
x η
(3)
×
(t)− y η
(3)
+ (t)
]
, (270)
−
∂φ1
∂z
+
1
c
∂bz
∂t
= −
1
4c
[
(x2 − y2) η
(3)
+ (t) + 2xy η
(3)
×
(t)
]
. (271)
We conclude by noting that vector field b in the non-relativistic approximation,
(266)–(268), is divergence free,
∇ · b = 0. (272)
This means that there is a vector field a such that
b = ∇× a. (273)
The definition of a is not unique. Here we give one possible realization for this vector
field:
ax =
1
3
x2y η¨+(t) +
1
6
xy2 η¨×(t), (274)
ay =
1
3
xy2 η¨+(t)−
1
6
x2y η¨×(t), (275)
az =
1
3
xyz η¨+(t)−
1
6
z(x2 − y2)η¨×(t), (276)
which can be useful for calculations of the motion of continuous media (fluids or elastic
bodies) in the presence of a gravitational wave.
Note that the dependence of the potential φ on z and t is not consistent with the
relativistic form of the gravitational-wave propagation, e.g. (258). The same is true
for the vector field b in which z and t are not related in any way. This problem does
not occur in wave-synchronous coordinate system, as we will see next.
9.3. Motion of a test mass in wave-synchronous coordinates
The description of test mass motion in wave-synchronous coordinates is similar to
the description in Fermi normal coordinates. In wave-synchronous coordinates, the
test mass will be moving under the influence of the gravitational wave. The exact
dependence of the test mass coordinates on time is given by equations (231)–(233) in
which we have assume that the TT coordinates are constant. To analyze the forces
acting on the test mass we need to find the explicit formulae for its acceleration.
Differentiating equations (231)–(233) twice with respect to time and replacing the
constant TT coordinates with their wave-synchronous counterparts, we obtain
d2x
dτ2
=
1
2
xh′′+(u) +
1
2
y h′′
×
(u), (277)
d2y
dτ2
=
1
2
xh′′
×
(u)−
1
2
y h′′+(u), (278)
d2z
dτ2
= −
1
4
(x2 − y2)h′′′+ (u)−
1
2
xy h′′′
×
(u), (279)
where primes denote derivatives with respect to u.
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One can find the test mass acceleration directly in wave-synchronous coordinates,
bypassing the TT gauge altogether. Indeed, taking the equations for a geodesic in
wave-synchronous coordinates [18],
d2xi
dτ2
=
1
2
∂gττ
∂xi
−
∂gτi
∂τ
, for i = 1, 2, 3, (280)
and substituting in them the formulae for the metric coefficients gτi and gττ from
(242) and (243), we can obtain equations (277)–(279).
By replacing τ with t and introducing the scalar and vector fields,
1 + gττ = −
2
c2
φ, (281)
gτi = −
1
c2
bi, (282)
we can present equations (280) in the Newtonian form:
d2r
dt2
= −∇φ+
1
c
∂b
∂t
. (283)
Here φ represents the dominant part of the acceleration produced by the gravitational
wave and b generates relativistic corrections. In the explicit form, the scalar field is
given by
φ = −
1
4
(x2 − y2) η¨+
(
t+
z
c
)
−
1
2
xy η¨×
(
t+
z
c
)
. (284)
The vector field has the following components:
bx = 0, (285)
by = 0, (286)
bz = 2φ. (287)
The scalar field φ plays the role of the potential which generates the forces acting
on the test mass. Note that in wave-synchronous coordinates the potential acquires
the full z-dependence consistent with the relativistic nature of the gravitational wave.
This can also be seen from the fact that the potential satisfies the wave equation:
∇2φ =
1
c2
∂2φ
∂t2
. (288)
One can think of this potential as the fully relativistic version of the potential in Fermi
normal coordinates.
Consider now the vector field b. In wave-synchronous coordinates b produces
a purely longitudinal acceleration of the test mass. In fact, it is equal to twice the
acceleration produced by the potential (in the opposite direction):
1
c
∂bz
∂t
= 2
∂φ
∂z
. (289)
Also note that vector field b is not divergence free. Instead, it satisfies
∇ · b =
2
c
∂φ
∂t
. (290)
This equation can be written in the covariant 4-dimensional form:
∂µb
µ ≡ −∂τ bτ +∇ · b = 0, (291)
where 4-vector bµ is formed from b by adding the time component, bτ = 2φ. Therefore,
bµ = {2φ, 0, 0, 2φ}. (292)
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Another way to introduce the 4-vector bµ is through the metric tensor:
gτµ = ητµ −
1
c2
bµ, (293)
where gτµ are the components of the metric in wave-synchronous coordinates.
The non-relativistic approximation for the test mass acceleration can be found
by expanding (284) in powers of 1/c. It is interesting to note that the zeroth and the
first order approximations for the acceleration in wave-synchronous coordinates are
identical to those in Fermi normal coordinates. The advantage of wave-synchronous
coordinate system is that it allows us to have the acceleration to all orders in 1/c
and provides a mathematical formalism which is fully consistent with the relativistic
nature of the gravitational wave.
10. Conclusion
Normal coordinates are a convenient tool for analysis of the effects of gravitational
waves from the point of view of an inertial observer. We have revisited the normal-
coordinate construction for a plane gravitational wave and showed that it depends
on the boundary-value problem for the connecting geodesic. Three different types
of the boundary-value problem have been considered in this paper. The first is
based on a non-singular spacelike connecting geodesic that is orthogonal to the
observer’s worldline. This construction leads to Fermi normal coordinates. The second
boundary-value problem is based on a null connecting geodesic and leads to optical
coordinates. The third is based on a singular spacelike connecting geodesic and leads
to wave-synchronous coordinates. For each type of the boundary-value problem we
obtained explicit formulae for the coordinate transformation rules and the induced
metric. These formulae are exact as long as the calculations stay within the linearized
theory of gravitation. In particular, they are valid for arbitrarily large distances in the
longitudinal direction. Also, we showed that the exact formulae yield the infinite-series
representation for Fermi normal coordinates and the induced metric. We have thus
found that the infinite series for FN coordinates and the induced metric can actually
be summed and the result of this summation can be given in a closed analytical form.
Historically, Fermi-normal coordinates have always been limited to the long-
wavelength regime. However, as we have shown, Fermi normal coordinates can actually
be defined far beyond the long-wavelength regime. No change in point of view and no
transition of any kind occurs at distances equal to or comparable with the wavelength
of the gravitational wave. We can now conclude that the range limitation that
has always been associated with Fermi normal coordinates was rather unnecessary.
Without this limitation, Fermi normal coordinates become a viable alternative to the
TT coordinates for theoretical studies of gravitational waves. We also found that wave-
synchronous coordinates yield the exact solution of Peres and Ehlers-Kundt. Since this
solution is globally defined, the system of wave-synchronous coordinates is valid for
arbitrarily large distances. This was possible due to the special geometry of spacetime
which represents a plane gravitational wave propagating in a flat background.
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Appendix A. Christoffel coefficients and Riemann tensor
In the linearized theory of gravitation Christoffel coefficients are given by
Γαβγ =
1
2
(hαβ,γ + hαγ,β − hβγ,α) . (A.1)
For the metric defined in (21), hαβ depends essentially on one coordinate:
hαβ = hαβ(u), where u = τ + z. (A.2)
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Then the non-zero independent Christoffel coefficients are
Γxxu = −Γuxx = −Γyyu = Γuyy =
1
2
h′+(u), (A.3)
Γxyu = −Γuxy = Γyxu =
1
2
h′
×
(u), (A.4)
where primes stand for differentiation with respect to u. Switching from u, v to τ, z,
we find
Γxxτ = −Γτxx = Γxxz = −Γzxx =
1
2
h′+(τ + z), (A.5)
Γyyτ = −Γτyy = Γyyz = −Γzyy = −
1
2
h′+(τ + z), (A.6)
Γxyτ = −Γτxy = Γyxτ =
1
2
h′
×
(τ + z), (A.7)
Γxyz = −Γzxy = Γyxz =
1
2
h′
×
(τ + z), (A.8)
where primes stand for differentiation with respect to z or τ .
The components of the Riemann tensor [7] are defined according to
Rµναβ = Γ
µ
νβ,α − Γ
µ
να,β + Γ
µ
ραΓ
ρ
νβ − Γ
µ
ρβΓ
ρ
να. (A.9)
In the linearized theory, this definition reduces to
Rµναβ = Γµνβ,α − Γµνα,β . (A.10)
Substituting for Christoffel coefficients from (A.1), we obtain
Rµναβ =
1
2
(hµβ,να − hµα,νβ + hνα,µβ − hνβ,µα). (A.11)
There are only three non-zero independent components of the Riemann tensor
corresponding to metric defined in (21):
Rxuxu = Ryuyu = −
1
2
h′′+(u), (A.12)
Rxuyu = −
1
2
h′′
×
(u). (A.13)
Switching from u, v to τ, z, we find
Rxτxτ = Rxτxz = Rxzxz = −
1
2
h′′+(τ + z), (A.14)
Ryτyτ = Ryτyz = Ryzyz =
1
2
h′′+(τ + z), (A.15)
Rxτyτ = Rxτyz = Rxzyτ = Rxzyz = −
1
2
h′′
×
(τ + z). (A.16)
